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MAGNETISM IN TWO-BAND SYSTEMS
WITH ELECTRON CORRELATION

KOICHI KUSAKABE* and HIDEO AOKI*!

* Department of Physics, University of Tokyo, Hongo, Tokyo 113, Japan
1 Cavendish Laboratory, University of Cambridge, Cambridge CB3 0HE, U.K.

Abstract Magnetic phase diagram for the two-band Hubbard model in one
dimension is explored. In the parameter space of direct and exchange interac-
tions, the insulating ferromagnetism with an orbital superstructure transforms
into metallic ferromagnetism as the strength of Hund’s coupling is increased.
When the orbital degeneracy is lifted, the ferromagnetic state is destabilized
except in the region where metallic ferromagnetism appears.

INTRODUCTION

Although the origin of ferromagnetism is a long-standing problem indeed, it has
yet to be fully understood. In considering the effect of strong electron correlation,
the intra-atomic exchange interaction has been reemphasized as one of the most
important factors since an early suggestion by Van Vleck.! His original idea to ex-
plain magnetism of 3d-transition metals was followed by many investigations which
concluded that the inter-atomic ferromagnetic exchange interaction causes the ferro-
magnetic ground state in the strong coupling limit.2~7 In these studies, the two-band
Hubbard model was intensively studied. The important consequence is that the fully
polarized ferromagnetism accompanied by an orbital superstructure appears when
there is one electron per atom on average with the band being ‘quarter-filled’.

On the other hand, the mechanism of ferromagnetism based on the charge trans-
fer interaction between molecules has been independently developed. Since an early
suggestion by McConnell,® many ideas were proposed attempting to realize an or-
ganic ferromagnet.®~'? Here, too, the orbital degeneracy in molecules plays an im-
portant role. Namely, a charge-transferred state prefers to take a spin-triplet con-
figuration due to Hund’s coupling. In fact, many authors concluded that in certain

molecules the intra-molecular exchange interaction is strong enough to produce the

[431)71



Downloaded by [Tomsk State University of Control Systems and Radio] at 14:01 18 February 2013

72/(432] K. KUSAKABE AND H. AOKI

charge-transfer (CT) type inter-molecular ferromagnetic coupling.!®=!5 Then, if the
pairs of molecules are stacked into a column, the system will be ferromagnetic.

The situation is very similar to that considered for ferromagnetism in metals
with degenerate bands. Indeed, Torrance et. al. have suggested a direct relation
between the CT mechanism and the two-band Hubbard model. They considered
a stack of radical anions for which a dianion has a triplet ground state due to the
orbital degeneracy. This model can be described by the one-dimensional two-band
Hubbard model.

If we employ the Hubbard model as a model of real organic materials, it is
necessary to explore magnetism in finite-coupling region rather than the infinite
coupling limit. Although the finite-coupling region has been studied with the mean-
field approach,®® the method may be unreliable when the electron correlations are
strong. The numerical method for finite systems is exact and more appealing. For
instance Gill and Scalapino have numerically obtained the magnetic phase diagram
for a 4-site system in periodic boundary condition.'¢17

The purpose of the present paper is :

(i) to look into what type of ferromagnetism appears as we change not only
the interaction strength but also the size and the boundary condition of
the system.

(ii) to examine the stability of the ferromagnetic state against the level offset.

In order to investigate the first point, we have numerically diagonalized the Hamil-
tonian for 4-site and 6-site systems in three boundary conditions, i.e., periodic,
anti-periodic, and open ones. By this way, we can show that two different types of
ferromagnetism appear in the parameter space of direct and exchange interactions.
One is the conventional ferromagnetism with an orbital superstructure, where one of
two orbitals in each site is occupied alternately along the chain. Here we stress that,
even in this case, the strength of Hund’s coupling must be comparable to the direct
inter-orbital repulsion. This is because there are a greater number of spin-singlet
exchange processes than triplet ones. Kollmar and Kahn'®!® have in fact demon-
strated that the singlet state of the donor-acceptor system gains much stabilization
from many intermediate states which could invalidate McConnel’s idea. Thus, a
fairly strong intra-molecular exchange interaction is required for the ferromagnetic
CT interaction.

The second and novel ferromagnetism has metallic properties which appears in
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a region with larger intra-molecular exchange interactions. The mechanism of this
ferromagnetism seems to have similarity with the strong-coupling limit of the two-
band Hubbard model solved exactly by Kubo.2® We shall show that metallic ferro-
magnetism obtained here may be accompanied by spiral spin states.

If one wishes to relate the degenerate Hubbard model to real materials, one
should also look into the stability of ferromagnetism against the energy difference
of two orbitals, A, that lifts the orbital degeneracy. It will be shown that ferro-
magnetism arising from the CT interaction is indeed destabilized by introducing A,
whereas metallic ferromagnetism is fairly stable even when the level offset becomes

as large as the transfer integral.

THE TWO-BAND HUBBARD MODEL

We employ the two-band Hubbard model in one dimension given by the Hamiltonian,

N
! A
H = - Z Z t:’;’{—ml (C,—J[m’aC,-H,m,,a + h.c.) + E‘ Z(ni,A,a —NiBg)

i=lm,m',o o

+ U nimtimi+ U’ Y niaonipe —J D MiaoniBe

i,m 1,0,0' 1,0

- JZ(CIA,TCI',AJCIBJCinJ + hC)

— IYCh 1L CinaCip o + huc), (1)

where C'-]L

1,m,0

Cime and n;, , are the creation, annihilation and number operators,
respectively, for an electron at the site 4, in the orbital m (= A, B) with spin o.
The number of the sites and the number of electrons are denoted by N and N,,
respectively. We identify (N + 1)-th site as the first site when the periodic or the
anti-periodic boundary condition is adopted. In this work, we assume the following
transfer integrals, t?f,-'fll, for simplicity:

(i) The electron transfer exists only between nearest-neighbour sites.

(i1) The inter-orbital mixing, tf{fl, is ignored.

mm
i1 = b

(ii1) For both orbitals the transfer integral takes the same value with ¢
As pointed out by Roth? the mixing term may be important in discussing the stabil-
ity of ferromagnetism, but we adopt these assumptions to make the physical picture
clear. The second term in the Hamiltonian represents the single particle energy
difference, A, between the two orbitals.

The interactions, U/, U’ and J, represent intra-orbital repulsion, inter-orbital
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repulsion and on-site exchange interaction, respectively. The last term in Eq.(1),
sometimes neglected, is another exchange interaction whose magnitude should be of
the same order as Hund’s coupling. In the next section, the energy is calculated as
a function of U’ and J, while other parameters are fixed at U = U’ + J and J' = J
for simplicity. We take t = 1 as a unit of energy.

The energy eigenvalues are obtained for each spin state by Lanczos method. This
is accomplished by taking an initial vector in the Lanczos iteration as an eigenfunc-
tion of the total spin. In order to characterize the wavefunction, we have calculated

the spin-spin and density-density correlation functions from the wavefunction.

MAGNETIC PHASE DIAGRAM

General features

We can identify ferromagnetic phases at the absolute zero temperature by the energy
difference, Eferro — Esinglet, between the lowest ferromagnetic state and the lowest
spin-unpolarized state. Spin-partially-polarized ground states have turned out to
appear only in the vicinity of the phase boundary.

The result for the quarter-filled band (N, = N) with U = U’ + J, J' = J and
A = 0 is shown in Figure 1. The phase diagram is obtained for both the periodic
(PBC) and anti-periodic (APBC) boundary conditions. For the 4-site system with
PBC the result for the ferromagnetic region agrees approximately with the result
obtained by Gill and Scalapino, although they have neglected J'. We note here
that, for both 4- and 6-site systems the ferromagnetic phase appears in a restricted
region confined along the line J = U’. This means for instance that there is a criti-
cal value of J, ~ U’ below which ferromagnetism is destroyed. The position of the
phase boundary is seen to be sensitive not only to the system size, but also to the
boundary condition. The latter feature indicates that the ferromagnetic wavefunc-
tion has an extended, metallic property, at least in the region where the appearance

of ferromagnetism depends on the boundary condition.

Boundary for the ferromagnetism with the orbital superstructure

The ferromagnetism with orbital superlattice structures (OSL) as derived from the
strong-coupling theory should not depend on the sign of ¢ at the boundary because
the effective Hamiltonian only contains the square of the transfer integrals. Thus the

region for OSL ferromagnetism should be contained within the region where both
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FIGURE 1 The magnetic phase diagram of the one-dimensional two-band
Hubbard model against U’ and J with U = U’ + J, J' = J and A = 0 for the
quarter-filling (one electron per site). Inner (outer) dotted area corresponds
to the ferromagnetic phase in the 4-site (6-site) system with PBC, while outer
(inner) hatched area represents that for the 4-site (6-site) system with APBC.

of PBC and APBC give ferromagnetism in Figure 1. The result for the correlation
functions confirms that the ground state exhibits the staggered orbital ordering
together with the inter-orbital ferromagnetic spin-spin correlation at the nearest-
neighbour distance. Thus the picture given by the strong-coupling limit seems to
hold in this region.

An analytic estimation of the lower boundary of the ferromagnetic region may be
given by equating the antiferromagnetic exchange, 4Ut?/(U? — J”?), and the ferro-
magnetic exchange, 2t2/(U’ — J), between inter-orbital triplet configurations. Here
the difference in the numerical factors between the antiferromagnetic and ferromag-
netic exchange reflects the different numbers of possible exchange processes. Then
we have the lower boundary as J = U’ — U/2 + J”?/2U, which is of the order of
U' when U ~ U'. This is the reason why fairly large J, comparable to the direct
repulsion, is required for ferromagnetism. More precisely, when we have U = U’ +J
and J’ = J, we end up with a quadratic equation for J yielding J, = (v/3 - 1)U'/2,
which approximately coincides with the lower boundary of the ferromagnetic region

in Figure 1.
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Novel metallic ferromagnetism in the two-band system

The mechanism of OSL ferromagnetism breaks down when J increases so that U’ —
J ~ at where a is of order unity. Above this upper boundary the system exhibits
another ferromagnetism. For the 6-site system with PBC and the 4-site system
with APBC, the ferromagnetic region extends well over the line, J = U’. The
energy difference, |E¢ — E|, becomes maximum (~ t) around the line, J = U".

We propose an intuitive picture for the spin-polarization mechanism working
here. When J equals U’, the net interaction between the two electrons with parallel
spins in different orbitals becomes zero so that they can move freely, while they
experience a large energy, U’ + J, when they come to the same site if they form
an inter-orbital spin singlet. Thus, in the strong coupling limit, the S;,; = 0 state
consisting of inter-orbital singlets has excess nodes, which will increase the kinetic
energy. This situation is similar to the mechanism proposed by Kubo in the strong-
coupling limit, where the excess electrons beyond the quarter filling make the system
metallic. In both cases, the restriction in the available phase space due to the large
Hund’s coupling is essential. We can\shy)v that the ferromagnetic ground state
appearing near J = U’ line is the direct product of the Nagaoka-Stoner Fermi sea
for the band A and that for the band B. Both of two Fermi seas are filled with
electrons whose spins are aligned in the same direction. Here all the states at the
Fermi level are occupied for the 6-site system with PBC and the 4-site system with
APBC.

The singlet ground states for the 4-site system with PBC and the 6-site sys-
tem with APBC on the line J = U’ have a spiral spin structure (Figure 2). This

is reminiscent of metallic ferromagnetism in the Nagaoka state,?

which is usually
accompanied by the spiral spin state (SDW whose wave length is as large as the
system size). This has been shown for the single-band Hubbard model?2® and also
for the double-exchange model??. 1t is known??~?* that the Nagaoka state tends to
appear as the ground state when each state on the Fermi surface is occupied by one
electron. If we change the boundary condition, the energy of the Nagaoka-Stoner
Fermi sea increases due to a change in the momentum of each electron. Then the
spiral spin state is energetically favoured because a phase arising from the spiral spin
configuration and that from the boundary condition cancel out. In the present case,
the same picture seems to determine whether the metallic ferromagnetism occurs in

the vicinity of J = U’ line.
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FIGURE 2  The spin-spin correlation function for the ground state in the
6-site system with U/ = J = 100¢ and A = 0 in APBC. Solid line and broken
line represent the intra (m = m') and inter (m # m’) orbital correlations,
respectively.

Sample size dependence

Next we have to examine the finite size effect. If we compare the two phase bound-
aries for 6-site and 4-site systems in Figure 1, the dependence of the ferromagnetic
region on the boundary condition does tend to decrease with the size. We should
note that the effect of changing from PBC to APBC is particularly large for the
4-site system for the following reason. The ferromagnetic region reaches the origin
in the parameter space for the 4-site system with APBC because the lowest level
of single electron states has a four-fold degeneracy. The ferromagnetic state goes
over to one of these degenerate ground states at zero interaction. In order to inves-
tigate the finite size effect we need to examine larger systems systematically. If we
now go over to the open boundary condition, which should be relevant for isolated
molecules, the sample-size-dependence becomes quite small (Figure 3).

The important problem then is whether the ferromagnetic region remains in the
thermodynamic limit. The above result, especially that for the open boundary con-

dition, seems to suggest that ferromagnetism will indeed remain in this limit, but
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FIGURE 3 The ferromagnetic region for the 6-site system in the open
boundary condition with A = 0 (shaded area). The lower boundaries of the
ferromagnetic phase in the 4-site system with various values of the level offset,
A, in the open boundary condition are indicated by broken line (A = 0),
dot-dashed line (A = t/4), double-dot-dashed line (A = t/2) and dotted line
(A =1t).

this will have to be proven.

Stability of ferromagnetism against the level offset, A

In the strong-coupling limit, OSL ferromagnetism will be destabilized when the
degeneracy of two levels is lifted. This is because any state with the staggered
orbital order has energy higher by NA/2 than the configurations where all electrons
stay in the lower levels. For the occurrence of the ferromagnetic ground state, the
energy gain from the ferromagnetic exchange interaction must be at least larger than
this energy gap. Equating NA/2 and 2Nt?/(U' —J), we obtain the lower boundary,
J =U'—-4t*/A, below which OSL ferromagnetism cannot be realized. The problem
now is the robustness of ferromagnetism against the increase in the level offset, A,
above this line.

The result in the last section shows that we may obtain a reliable picture from
the 4-site system if the open boundary condition is adopted. The calculation for

this system reveals the following:
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(i) The lower boundary of the ferromagnetic phase increases with A,
up to the line J = U".

(ii) The upper boundary does not shift as A is varied.

(iii) The lower boundary is approximately given by the condition that
both of the above-mentioned 2t2/(U’ — J) > 4Ut*/(U? — J?) and
2t2/(U' — J) > A/2 are fulfilled.

Even if we include the inter-orbital mixing term, tfi‘f], it is difficult to avoid the
instability of ferromagnetism against A in the conventional perturbational regime.
This transfer term produces an inter-site ferromagnetic exchange between two par-
allel spins in the lower band. However, singlet states simultaneously gain the energy
due to antiferromagnetic exchange processes mediated by this mixing term. Thus
the ground state would be singlet in the small J region.

We should note that metallic ferromagnetism around the line, J = U’, remains
stable against A as shown in Figure 3. Thus ferromagnetism should be searched
in this region where the conventional picture using the second-order perturbation

theory fails.

CONCLUDING REMARKS

The occurrence of ferromagnetism requires a fairly large inter-molecular exchange
interaction even for the OSL ferromagnetic state.

The phase boundary depends on the boundary condition. This very feature,
however, hallmarks metallic ferromagnetism, such as those found in the single-band
Hubbard model. The change in the boundary condition in the ferromagnetic metal
makes the polarized spin twist.

The ferromagnetic region shrinks with increasing the inter-orbital energy differ-

ence. Surviving ferromagnetism is the metallic one.
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